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1. Introduction 

Hermann Weyl fl]] was the first to think about gravitational field equations of 
higher than second order. 1951 Buchdahl gave a general method for deriving 
the field equation from a Lagrangian, written as an arbitrary invariant of the 
curvature tensor and its covariant derivatives up to an arbitrarily high order. He 
studied the example RoR. □ denotes the D'Alembertian. This example leads to 
a field equation of sixth order. Other generalisations of the Lagrangian are R'', 
R^UR, 0], Rd'R and Rj^R. The example R + aR^ + bRuR correspondents for 
finely tuned initial conditions to a cosmological solution with double infiation. 
The attempt to find more typical cosmological solutions with double inflations 
led to R^UR [^], P|. This Lagrangian gives unfortunately a theory with unstable 
weak field behaviour. The effort to connect the gravitation theory with quantum 
theory leads to studies about the Lagrangian Rj^R, This Lagrangian can 
be approximat at the A;-th step by the sum 

k 

Y,Ra'R. (1.1) 

i=0 

This gives a 2A;+4-th order field equation. The Lagrangian co-R+Ci-Rn-R+C2 

is discussed in [0. In this paper we will deduce the stability properties of the de 

k 

Sitter solution for i^^ Ra'^R and E CiRa'R. 

1=0 

2. The field equation 

The Lagrangian L = F{R, DR, . . . , D^R) leads to a field equation of 4A; + 4-th 
order in general: 
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k -| 

+ E o9'' \FA{n^-'Ry'\ , - Fi\u^~^Ry^^ . (2.1) 

The abbreviations are: 

Fa := y n^'^TT^ (2.2) 

and 

G := Fo . (2.3) 

The operator □ denotes the D'Alembertian, "," the partial derivation and ";" the 
covariant derivation. For the D- dimensional (D = n + 1 > 2) de Sitter space-time 
with {H 7^ 0) we use 

n 

ds^ = de-e^'''Y.idx'f- (2-4) 

i=l 

The relation between H and R is 

R=-n{n + l)H^. (2.5) 
We restrict R to the interval R < subsequently. Other important relations are 

R^ = -^g'^ (2.6) 
n+1 ^ ' 

and 

d'R = for A; > . (2.7) 

We get the field equation: 

= GR^--Fg'^ 
2 ^ 

for the de Sitter space-time. 

If we choose the Lagrangian (— -R)" with m G M the D-dimensional de Sitter 
space-time satisfies the field equation iff -u = = y. 

An other important Lagrangian is Ra'^R for A; > 0. For this we get 

F = RD^R , G = 2d'R (2.9) 
and the solubility condition 

Rd'R= Rd'R (2.10) 

n + 1 ^ ' 



for the field equation. It is automatically satisfied because of equation (|2.71 ) 

The D-dimensional {D > 2) de Sitter space-time is an exact solution of the 
field equation following from the Lagrangian RU^R iff D 7^ 4 and A; > 0. 
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3. The attractor property of the de Sitter space- 
time 



We will examine the attractor property of the de Sitter space-time in the set 
of the spatially flat Friedmann- Robertson- Walker model (FRW model). We use 
the metric 

i=l 

for the spatial flat FRW model. For a{t) — Ht, H > we get the de Sitter 
space-time metric, to find the dynamically behaviour in the neighbourhood of 
the de Sitter space-time we make the ansatz 

a{t) ^ H + (3{t) (3.2) 

for the linearisation of the field equation. This is justified, because the field 
equation does not depend on a itself, but on its derivatives only. 

We say, the de Sitter space-time is an attractor solution of the differential 
equation if the solutions a{t) of the around the de Sitter space-time linearized 
differential equation satisfies 

lim ^ = = const . (3.3) 

It is enough to discuss the special de Sitter space-time with H — 1, because 
homothetic and coordinate transformations transfer de Sitter space-time of the 
same dimension into each other. 



4. The Lagrangian F=(— R)" 

We will examine the attractor property of the de Sitter space-time in the set 
of the FRW models for the Lagrangian (— -R)" with 2u — D — n + l>2. From 
this Lagrangian follows 

Fa^O (4.1) 



and 



We get the field equation 



G = -u{-R) 



(4.2) 



= -u{-R)''-^R'' -^g'^-ny' + u i-R) 



\u-l 



-g'^uD i-R) 



\u-l 



(4.3) 



It is enough to examine the 00-component of the field equation, because all the 
other components are fulfilled, if the 00-component is fulfilled. We make the 
ansatz 

a{t) = 1 + p{t) (4.4) 
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and get 

= -n$-2n(3-n 

R = -2n/3-2(n^ + n)/3- (n^ + n) (4.5) 

{-R)"" = 2nm{n^ + n)"^"^/? + 2m{n'^ + + (n^ + n)"" . 

It follows the field equation 

= -2n^u{u + 1) {n^ + n)"-^/? - 2n^u{u - 1) (n^ + n)^ - 2/3 + 

+n^x(2ii -n-l){n^ + n)""^/? + (|nw - ^(n^ + n)) (n^ + n)"-^ (4.6) 

Using the condition 2ti = n + 1 we get 

O^P + n$ . (4.7) 
All solutions of the linearized field equation are 

P{t) = ci + C2e-"* . (4.8) 

It follows 

a{t) ^t + cit + C2e-"* + C3 (4.9) 

and 

lim^ = l + 5i. (4.10) 

The L'-dimensional de Sitter space-time is for the Lagrangian F — (—R)^ an 
attr actor solution. 

5. The Lagrangian F=Rn'^R 

The Lagrangian {—R)^ leads only to a field equation of fourth order for D > 2. 
The Lagrangian Rd'^R with A; > give a field equation of higher then fourth order. 
For the 00-component of the field equation we need 

Fa = rf-^i? (5.1) 

and 

G = 2d''R (5.2) 

and get 



+ Y: {a'-^R){n^R) - ^(rf-^i?),o(n^-^i?),o • (5.3) 



4 



The ansatz 

a{t) = 1 + p{t) (5.4) 

leads to 

Roo = -n$-2nP-n , 
R = -2n/j - 2(n2 + n)/3 - (n^ + n) , ^ ' 

and 

□ (rfi?) = (□*^i?),oo + n(rfi?),o . (5.6) 
We get the hnearized field equation 

d'R = (rfi?),o . (5.7) 

For = 1 we have 

= + 2n/3'+ (n^ - n - 1)^5 + {-n^ -n)p (5.8) 
with the characteristic polynomial 

P(t) = + 2nx^ + {v? -n - l)x^ + {-v? - n)x (5.9) 
with the roots Xi — 1, X2 — X:^ — —n and x^ — —n — 1. We get the solutions 

m = ci + C2e* + cse^"* + 046-^"+^)* (5. 10) 

and 

a{t) = cit + C2e* + cse"'^* + C4e-('*+^)* (5.11) 

and 

lim ^ = 00 . (5.12) 

The D-dimensional de Sitter space-time is for the Lagrangian RU^R not an at- 
tr actor solution of the field equation. The formula 

= (rf+^i?),o - n'+'i? = {n^R,o - □'i?),oo + n((rfi?),o - n^R),o (5.13) 

for the linearized field equation for A; + 1 leads to the recursive formula for the 
characteristic polynomial: 

characteristic polynomial for A; + 1 = a:(x + n) • characteristic polynomial for k . 
The characteristic polynomial for k has the roots: 

xi — 1 simple 

X2 = k-fold (^^A\ 
^3 = —n k-fold 
Xi = —n — 1 simple . 



We get the solutions 

P{t) = S{t) + T{t)e-''* + cie* + cse^"""^)* (5.15) 

and 

a{t) = S{t) + T(i)e-"* + cie* + cse^-""^)* (5.16) 

with iS, T, r polynomials at most fc-th degree and 5* polynomial at most k + 1-th 
degree. For the most solutions is 

lim ^ = oo (5.17) 

fulfilled and the de Sitter space-time is not an attractor solution for the the field 
equation derived from Lagrangian Rd'^R. 



6. The generalized Lagrangian 

The results of the last section have shown, that for the Lagrangian Ro'^R with 
k > 1 the de Sitter space-time is not an attractor solution. The Lagrangian 
(— i?) 2" gives only a fourth order differential equation. We will try to answer the 
following question: 

Are there generalized Lagrangians so, that the de Sitter space-time is an attractor 
solution of the field equation? 
First we make the ansatz 

m 

F^Yl CkRd'R with 7^ . (6.1) 

k=l 

In this case is the de Sitter space-time not an attractor solution, because for each 
term is -|-1 a root of the characteristic polynomial of the linearized field equation. 
Now we make the ansatz 

m 

F = cq{-R)^ + ^ CkRn^R with Cm^O . (6.2) 

A;=l 

for the generalized Lagrangian. It follows the characteristic polynomial 



P{x) — x{x + n) 



CQ + ^Ckx'' ^{x + nY ^{x -l){x + n-l) 



k=l 



(6.3) 



for the linearized field equation. The solutions = and X2 = —n do not depend 
on the coefficients q of the Lagrangian. It is sufficient to look for the roots of the 
polynomial 

m 

P{x) = Co + ^ CkX^'-^x + nf-\x - l)(a; + n - 1) . (6.4) 

k=l 
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If the above polynomial only has solutions with negative real part, then is the de 
Sitter space-time an attr actor solution for the field equation. The transformation 

(6.5) 



2 

z — X -\-nx -\ — - 
4 



gives 

P{x) = Qiz) 



n 



k-l 



n 



k=l 
m 

k=l 



----„-! 



m— 1 



n 



1 +E 



1=1 I k=i+i 



n 

"T 



n 
T 



+ n + 1 



do + diz + . . . + dmz" 



(6.6) 



Now let be 
ail = 1 

^ok — — 



n 



4 

2\ k-l-l 



I = 0, . . . ,m 
k — 1, . . . ,m 



aik = y-^J 
o-ki = 

This gives the equation 



.1-1. 



n 

T 



I < k < m 
else . 



/ do 


] 




( CO 


\ 






= A 






\ dm 


) 




\ Cfji 


J 



with A regular 



(6.7) 



(6.8) 



The roots of P{x) have a negative real part iff the roots of Q{z) are from the set 

(6.9) 



n 



M :— < X + iy : X > — A \y\ < n\ x 



If the roots z^ of the polynomial Q{z) are elements of M, then the coefficients dk 
are determined by 



Q{z) = J2dkz'' = lliz-Zk) 

k=0 k=l 



The coefficients 



( '° ^ 

\ Cm J 



A 



-1 



( do\ 

\ dm J 



(6.10) 



(6.11) 
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belongs to a Lagrangian, that gives a field equation with a de Sitter attrac- 
tor solution. The above considerations have shown that for every m there ex- 
ists an example for coefficients Ck, so that the de Sitter space-time is an at- 
tractor solution for the field equation derived from the Lagrangian co(— i?) 2" -|- 

m 

E CkRd'R with Cm 7^ 0. 

k=l 

Acknowledgements 

The author would like to thank H.-J. Schmidt and K. Peters for discussions 
and valuable comments. 

References 

[1] Weyl, H.: Sitz. Ber. Akad. Wiss. Berlin (1918) 465 
[2] Buchdahl, H.: Acta Math. 85 (1951) 63 

[3] Amendola, L., Mayer, A. B., Cappoziello, S., Gottlober, S., Miillcr, V., 

Occhionero, F. and Schmidt, H.-J.: Class. Quantum Grav. 10 (1993) L43 
[4] Gottlober, S., Miiller, V. and Schmidt, H.-J.: Astron. Nachr. 312 (1991) 291 
[5] Gottlober, S., Schmidt, H.-J. and Starobinsky, A. A.: Class. Quantum Grav. 
7 (1990) 893 

[6] Schwarz, D. J. and Kummer, W.: Class. Quantum Grav. 10 (1993) 235 
[7] Mayer, A. B. and Schmidt, H.-J.: Class. Quantum Grav. 10 (1993) 2441 



8 



